966 AIAA JOURNAL

VOL. 15,NO. 7

Unsteady Linearized Transonic Flow Analysis for Slender Bodies
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An unsteady linearized formulation based on Oswatitsch-Keune’s parabolic method is developed to analyze
transonic flow past oscillating slender bodies. In contrast to the widely used integral transform method, it is
shown that all solutions can be derived by a simpler method directly in the physical plane. By various expansion
procedures, low-frequency solutions then are derived according to two clearly defined frequency ranges. Adams-
Sears’ iteration is employed to account for the second-erder effects. Stability derivatives are compared with
available theories and data. It is found that the derivatives depend more sensitively on thickness than on the
reduced frequency. Finally, a critical assessment of the present method is given.

Nomenclature

(x,r,0) =nondimensional cylindrical coordinates, nor-
malized by the true body length L
U = freestream velocity
t = {L/U, nondimensional time
r =true time
k =wl /U, reduced frequency
w =true angular frequency of pitch
Q,% =total and perturbed potentials, both are normalized
by (UL) ~!
=maximum body radius/L, the body thickness ratio

m

Introduction

OR the purposes of guidance, control, and flutter

prediction, improved methods of unsteady flow treatment

for slender fuselages, and slender bodies/wings often become

" desirable, particularly during the transonic flight. In the

transonic range, large phase lags between the body and the

near-field flow possibly may result in low or negative values

of damping-in-pitch. The occurrence of such a large phase lag

is enhanced mostly by the coupling effect of the steady and

unsteady flow, a problem that is far more complicated than
those in subsonic and supersonic flights.

In the past, the steady transonic flow problem for an
axisymmetric body has been treated by various analytical
methods. ! Recent studies of this problem mostly adopted
numerical techniques, notably the type sensitive difference
scheme,? involving the flowfield calculation. However, for
the unsteady. flow problems, apart from the work appearing
in Ref. 4, which is an extension of the earlier work of Liu et
al.,> little advance has been made for the slender bodies in
transonic flow. The purpose of this paper therefore is to
develop an efficient, analytical method for deriving the ap-
proximate near-field solution for bodies in unsteady transonic
flow. The present method, based on the linearized model
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according to Oswatitsch-Keune (the parabolic method),
accounts globally for the steady thickness effect, in the sense
that neither the local steady load nor the transonic shock
effect is included. Examination of recent results given by
Stahara and Spreiter,* however, reveals that, in most cases,
little difference exists between the stability derivatives ob-
tained by the local linearization method, and by the parabolic
method.>® On the other hand, the present approach consists
of the preliminary steps toward a future development of a
shock-inclusion method such as Hosokawa’s nonlinear
correction procedure (e.g., Ref. 5).

Several recent works'”¥ on slender-wing treatments in
sonic flow also should be mentioned here, since they also are
based on the same extensive concept of parabolic method.
Employing the integral method for linearized sonic flow
previously developed by Liu'®'® and Liu et al.,” Kimble et
al.,'® and Ruo?® have derived the slender-wing potential for
stability calculation in the low-frequency range. In the present
paper, we show that the sonic solution by Ruo can be ob-
tained, directly in the physical space, from combined
procedures based on the works of Platzer,?® Liu;'’ and
Zierep.’® Thus, the cumbersome procedure of the integral
transform for deriving not-so-slender-wing/body potentials
can be circumvented.

In the following section, we shall present the derivation for
the slender-body potentials in the general frequency range.
Emphasis will be placed on various approximation procedures
and the'low-frequency limits of the solution, hence leading to
the calculation of the stability derivatives.

Formulation

Consider a rigid, pointed body of revolution that is exposed
to a steady uniform transonic flow. The body performs
harmonic, small-amplitude pitching oscillations around its

R{X).

M s(t)
> ‘

1 -

Fig. 1 Body-fixed coordinate system.
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nonlifting position (i.e., the steady, mean postion). A body-
fixed cylindrical coordinate system as shown in Fig. 1 is used
to describe the problem.

The equation of state is taken to be that for a perfect gas,
and it is assumed that. the viscosity and the heat conduction
are zero. The body is assumed to be smooth and sufficiently
slender so that the small-disturbance concept can be applied.
When a body-fixed, cylindrical coordinate system is adopted,
a perturbed potential ® (x,r,6,¢) can be related to the total
velocity potential @ (x,r,0,¢) as follows:

Q(x,r,0,t) = (x—a)coss +r sind cosd+ & (x,r,0,t) )
where 6=8,e’*', 8, is the oscillation amplitude, and X is the

reduced frequency of the pitching motion. The velocity
components in the x,7, and 8 directions are given by

u=0,=cosd+&, (2a)
v=_Q, =sind cosf+ P, (2b)
w=(1/r)Qs= —sinéd sinf+ (1/r)®, (2¢)

Then, the time-dependent transonic small-perturbation
equation reads

1 1
BZLPXX-}-Q” +;¢r + r_24>08_2M2¢.\'1—M2¢11 =('Y+ I)M2¢x¢xx
3)

where M is the freestream Mach number and 82 =1 -M?, Itis
a well-known fact that the nonlinear term of Eq. (3) can be
ignored only if the flow is sufficiently unsteady or when it
becomes purely subsonic or supersonic. We further assume
the potential ® to be harmonically time dependent, i.e., :

d(x,r,0,t) =9 (x,r) +o(x,r,0,8,)e* C))

where ¢ is the steady axisymmetric potential and ¢ is the
oscillatory dipole potential. Substituting Eq. (4) into Eq. (3)
yields

Blo+b,.+(I/N)d,=(v+1)M? .0, 5)

1 1
B0+ 0n + =0, + — 0y — 2ikM? o,
r r?
KM o= (Y + 1)M? (00 + D) ©

Notice that the harmonic assumption in Eq. (4) is made
possible by the linearization of Eq. (6). Moreover, in arriving
at Egs. (5) and (6), two restrictions are required, i.e.,

7<] and kr<l

where 7 represents either 6, or ¢, the amplitude of oscillation
or the body thickness ratio, whichever is larger. (In the
present analysis, &, is always less than e, and hence a thickness
dominated problem.) Again, the coupling terms on the right-
hand side of Eq. (6) cannot be ignored insofar as |/—Ml =
0(r%fn7) and/or k= O(72f7) . It should be mentioned that, in
the case of large-amplitude oscillation, such type of
linearization is, of course, not permissible.

Next, to simplify our analysis, the parabolic approximation
is used to linearize Eq. (3), i.e.,

(y+1)M?® . =constant =I'>0 @)

With this approximation, the model must be restricted to
cases in which only slow variations of the steady axial velocity
component are admissible. The oscillatory potential ¢, on the
other hand, can be related to a pulsating source potential ¢ as
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¢ (x,r,0) =@, (x,r)cosd ®
where ¢ satisfies the following approximate equation, i.e.,
820+ 6+ (1/1) 6, — A, +k2M? 0 =0 ©)

where
A =T+ 2ikM?

It is seen that the coupling term ¢ ¢, in Eq. (6) is dropped in
Eq. (9). Physically, in the one-dimensional time-dependent
model, this amounts to assuming constant slope to the wave
characteristics in the x,# plane. Inclusion of the terms ¢ ¢,
(or I‘c}x) implies that the attenuation mechanism of the wave
characteristics is being retained, which thus can provide the
low-frequency limit in the present analysis. Also, it should be
realized that the inviscid flow assumption is likely to be in
error towards the body tail because of the boundary-layer
build-up and the possible flow separation.

Hence, in the range of 0=<M =<1, the pulsating line-source
solution of Eq. (9) reads

(10)

R 1 =
sn=-— " s©r -0, (xn 0t
47 J -
and '
?s (Xor) =explaX—~[x(X? +82r?)]1" )/ (X2 +87r2) »
(10a)
is an elementary pulsating source solution where
X=x—%
a= AR -2 (10b)

x=a?—k2M?p-2

and f(£) is the line-source distribution function, which can be
determined by the tangency condition in the range of interest,
O<t<.

For the slender-body approximation of Eq. (10), the
pulsating solution can be written in two terms, i.e.,§

21 (x,r) =f(xX) bor+ o (X:k) + O(r2tnr) (11)

By means of the method of elementary steps préposed by
Keune (e.g., Ref. 7) and Platzer & Hoffman,® ¢, can be
obtained as

~ 1 aJ x
PR (xk)=~— 5 (a +\/;“Ol> SO f(E)e‘(‘&“"’Xﬁnng

179 1
+5 (5; ~Vx-a) j f(Eye~t5re 'X'leds+f(xm§

(11a)

Equation (11) implies an extension of the equivalence rule
by Oswatitsch and Keune® to pulsating flow, see also Plat-
zer.2® The first term is the ‘‘crossflow’” term which only
accounts for the incompressible effect due to the area
variation. The second term ¢ is the “‘spatial influence’’ term
which depicts the compressibility effect describing the in-
fluence of body pulsation upstream and downstream of the
crossflow plane. When k is set to zero in Eq. (lla),
Vx=a=T/282, ¢, thus reduces to the steady solution ob-

§In the nonlinear analysis, the lower order term of O(r?fwr) is a
term of O(r?t?r). However, since our analysis is based on the
linearized equation, O(r?fwr) terms naturally do not appear. Also,
O(r?tnr) should be written formally as O (k?r? twkr) for the fre-
quency ratio O< k< 1and as O(k*r2énk?r), for k> 1.
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tained by Maeder and Thommen? via integral transform,
i.e.,

1 9 ~
ealx0)= =5 5 | f(EIMXdE

2 \ax

Oscillatory Flow
For the derivation of the oscillatory slender-body potential,
we mention two different approaches. The first approach is
the commonly used method of integral transform. Fourier
transformation of Eq. (9) in the x direction gives

¢r7+(1/r)‘;r—)\2{0=0 (13)
where
- 1 = A
o(ur) == X_m e~ o (x,r)dx
and

N =B%u?+ (2kM? —TYu—k*M?

Applying Sommerfeld’s * radiation condition yields the
solution in the transformed plane,

o(ur) = —F(u)K, (\r) (14a)
Expanding the modified Bessel function K, (Ar) for small
argument of Az, and retaining terms up to order O(‘)\z r2ar)
and O(A2r?), and after Fourier inversion of these terms,

lastly applying the relation Eq. (8), then gives the oscillatory
dipole solution, i.e.,

®

d 1 o
e(x,r,0)= o [_E S_w e «:(u,r)du] -cost

F(x)

It

cosb+ {[x,r,6,T, k] + 0(k*r3 takr) (14b)
and

2
oot =222 (i (o [+ N0 |

k2rcost

- ;;2. [ F(e) Xt - {Fex) [enfzi +NTH) |

3 ¢~ 32 (x
—25)—(&, F'(£) X d§ + za_x?S F(§) X&ng} (140)

where
2

1 r T r
Nr,k=—en(2 _) - -\,[__ L ]
(I, k) 5 k +.4 +C—1+i 3 tan (k)
and C=0.5772-- -,

The details of the inverse Fourier transform can be found in

Euler’s constant.

Ref. 10. It is noted that further expansion of N(T',k) ac--

cording to the low-frequency expansion criterion (see next
section) yields identically the low-frequency solutions Egs.
(17) and (19).

The second approach is a much simpler, yet unified one, by
which the same solution can be generated in the physical plane
within a few steps. We first recast Eq. (9) in the following
form,

&, + (/1) o, =Ad (15
where A is the operator defined as
a2 ad

A=-B?— ~A— +Kk2M? (15a)

ax? Ix

1 ,
. (i _m) g F(E)e® Xt I X1dE+f(x)m(B/2)  (12)
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Now, substituting ¢ from Eq. (11) into the right-hand side of
Eq. (15), then performing integration of Eq. (15) in r, and
finally' making use of relation (8), immediately yields the
slender-body oscillatory dipole solution, i.c.,

F(x r cosf
o(x,r,0) = (x) cosf + 5 A
2rr 8t

[ (e, ro o

(-5, roe e &

+F(x) (enB 24’2 - 1)} | (16)

where F(%) denotes the dipole distribution function, to be
determined from the Adams-Sears 1terat1ve procedure from
the tangency condition.

It is seen that the combined procedure of Platzer-
Hoffman’s ‘‘elementary step”® [Eq. (8a)] and the ‘‘simple
approach’ by Liu'? [Eq. (13)] constitutes a greatly simplified
procedure as opposed to the commonly used integral trans-
form method. This combined procedure requires no
knowledge of the inversion transform, as it can be operated
directly in the physical plane. Furthermore, it is a unified
method for subsonic, transonic, and supersonic potential
flow, insofar as the equation is linear. However, we shall not
elaborate on the derivation of this approach here. The detail
and the verification of this approach will be published
elsewhere. 12

For the case of I'=0, Vx =a/M, Eq. (13) reduces to the
purely subsonic dipole solution [Eq. (8), Ref. 13]." It also
contains the sonic flow solution as a special case, since Vx +«
approaches infinity and Vx —a= —k2/A as M approaches
unity.

2.1 T T T T

LIV (REF 16\,
(k=. 03)/

C“a ‘
N, (REF 16)
1.9 '\ (k- 03) (B)
I~ \' \ /
1.6 \
REF 2~ {(4) N N
! \ N\
1.2F REF 22~/ |(p) N
1/ \ 3
(0 \ \
rr REF 17, . \
D \
Lgh 0-8F ;o @)
. VA (REF 23)-a  —
| 7 \
7/ // \
0.4} L7 \
s ,/\ \ (&)
] r 4. RER 2 v
ey \
AT )
0 0.08 0.16 0,24 \
€
1 A 1
0 0.1 0.2

Fig. 2 Effect of thickness ratio on the normai force coefficient slope
for a cone and for a parabolic ogive (subdiagram: determination of I')
atM=1.0.
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Low-Frequency Sonic Solution

To demonstrate the present expansion method, we perform
the analysis only in the sonic flow range (i.e., M is equal to or
near one). We further confine the reduced frequency k& to be a
parameter which is smaller than unity. Next, we define two
parameters, v and u, where v=T/k and u=k/T. According to
the range of these parameters, two cases are of interest,
namely the moderately low frequency range and the very low
frequency range. The expanded solutions are discussed as
follows.

Moderately-Low Frequency Cases: vO(1)

In this case, the body is assumed to be ‘‘sufficiently’’ thin
and the reduced frequency, ‘‘not too low’’ such that »=0(1);
hence, this is equivalent to stating that k= O(e?fne) . Also, the
quadratic and the product terms of the parameters », T', and
k? are negligibly small, then Eq. (13) can be expressed to yield
the following solution

F(x) T'r cosb kr? in
,r,0) =———cosf— —— {F’ [ — —]
e(x,r0) 27 cos o (x) | 5 +C+ >

2

- 5; Sx F(E)%Xd£}+

ikr cosf
£l

kZ ;. 2
AR [en—} re-1-7]- Kl

7] g ], Fowx ]

k?r cosf kr? ir
- F [en— c-1 —]
p { )|y +C=145

a rx 92 x
—25;§0 F(£)ta X dg +&—2S0 F(g)Xenng}

+O(k?ritakr) , -an

For vanishingly small », i.e., '=0(k), the preceding .

solution reduces to the sonic solution previously obtained by
Hsu and Ashley.!* By further restricting the reduced
frequency to be only high enough so that the second-order
terms in k can be ignored, we then recover Landahl’s!'’
linearized solution, i.e.,

F jk 0 kr?
o(ury =FE) oy Hr cosd (F el -1
2nr 4r 2
ir 8% (x
+——~—S F(E)&Xd£}+0(k2r8n kr) (18)
2 6x2 o

This solution also was employed by Liu!é for the stability
derivative calculation shown in Figs. 2, 4, and 5. Notice that
Eqgs. (17) and (18) both contain a logarithmic term in k. Thus,
it is expected that the stability derivatives based on these
solutions do not contain a low-frequency limit (see Fig. 5).

Very-Low Frequency Case: p =o(1)

Assume now that the body is oscillating at a very low
frequency such that p=o0(1), i.e, k=0(e’fe), and that the
quadratic and the product terms of the parameters p and k are
negligibly small. Then Eq. (14) can be expanded to yield

F T'reosd I
o(orf) =) oepq Lre0st {F' (x) [&L + c—1]
2nr 8w 4

_ % § F(£)tm X dg} L 4;050 {F' (x) [&54’-2 + c]

2

ax?

r F(g)eux_dg} + O(k2rtn kr) (19)
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Note that this solution is linearly dependent on & and is a
counterpart of the supersonic low-frequency solution.® It is
this solution which we shall employ mainly for the calculation
of stability derivatives in the next section.

Other than by the expansion method described earlier, the
same very low frequency solution (16) can be derived by
alternative methods directly from the low frequency form of
Eq. (9). The explicit sonic solution satisfying the low
frequency form of Eq. (9) reads

A 1
p0ur) == - | F() -0, (X dt (20

and
e, (X,r) =exp[~Ar?/X1/X (20a)

These methods are based on the expansion of either the
distribution function F(£) or the kernel function ¢, (X,r).
The latter method requires the use of Mangler’s improper
integral which finally leads to Eq. (15). A more meaningful
result is provided by the former method, in that an infinite-
series form of Eq. (15) can be obtained. Since the series form
is pertinent to our later stability derivative calculation, the
essential steps are sketched as follows.

According to Hosokawa, !’ a transformed variable u can be
introduced, i.e.,

u=Ar?/4K (21)
for the sonic slender-body approximation.

When Eq. (20) is transformed by Eq. (21) and F(§) is
expanded in Taylor series around ¢ =x, one obtains

seon=- 2 5 ED por o () .0,,,(5) @

T oamo  H!
where
= '}
J, (r?/x) =S 2 du (22a)
(Ar</4xy U"
1] T T T T
— - — SLENDER BODY THEORY
© o O EXPERIMENT (REF 23)
0.p| ¢ ® ® PRESENT THEORY ~— ~ i
\0\ T
\o-—-—o
L 3
2 = |
Cy -
o R R
D\D‘—’“ Fa=.70
or l- T ]
J
L 5 J
b \O—”( ra = .63 ]
l‘w\
Il L l 1 ]
0.8 1.0 1.2
M

Fig.3 Pitching moment slope for a cone (o =12.5°) at M=1.0.
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—— - — SLENDER BODY "\
—————— LANDAHL'® (k=.03)
~'"‘_‘LIU16

PRESENT THEORY

® WEHREND?? \

¢  ERicsson & REpDINGY <
£ YANAGIZAWA A

i 1 1y

0 0.2 0.4 0.6 0.8 1.0
a

Fig. 4a Effect of pitch-axis location on the damping moment for a
cone (0=12.5°) at M=1.0.

0.5 T
1
0.4F 1
<]
0.3F .
WING:
'CM(5 ————— LANDAHL
(k=.03, r=0)
0.2 RUO20 p
(R =,887, r=1.26)
BODY:
0.1p — -~—LIU™
(k=.03, I'=0)
PRESENT THEORY WING -
(0=12.5°, I'=1.26)
I | 1 i
0 0.2 0.4 0.6 0.8 1.0

a
Fig. 4b Comparison of the damping moments for a cone (¢ =12.5°)
and for an ‘‘equivalent’’ delta wing (R=1.13) at M=1.0.

Making use of the recurrence formula of J,(r?/x) in Ref.
17 and of relation (8) yields the very low frequency series
solution after some manipulation:

F r 0 rr?
o (x,r,0) =—(x—)——cosl9+ f cos [F’ (x) (KnL +C>
27r 87 4x

F(x) o F (x) nel
T x —,,Zz:z nl(n-1) (=) ]
ikr cosf [, rr?
+'———2;;——-[17 (x) (&nti;— 4'(?*'1)
F(x) s FP@) o,
__ X ,;2 nt(n—1) (=x) ] @3

From a programming standpoint, Eq. (23) is a more con-
venient form than Eq. (19), particularly for the power-law
bodies. For details of this distribution-function expansion
method, refer to Ref. 11.

Slender-Wing Extension

The present slender-body analysis has an important ex-
tension to the case of slender-wing (or wing-body com-
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bination) solution in accordance with the equivalence rule.
For example, as related to the given downwash w(x,»,0; k) at
the wing planform, solution (14b) can be recast simply in the
following form, i.e.,

150 ¢ (x,7,0)
oo 0k =e, (up0)=— = | LD g,
T J-8x) y—1

+ tes T,k) + O(Tko? e ka?]?) (24)

where S(x) is the half-span, o is the semispan-to-chord ratio,
and 7 is the spanwise dipole location. .

The first term of Eq. (24) is the Munk-Jones term,
corresponding to the first term of Eq. (14b), whereas the
second term of Eq. (24) can be obtained conveniently from the
second term of Eq. (14b) in replacing r cosf by z, r by
S(x)

V{(y—1)?+z?,and F(x) by S st

¢(x,m,0)dn

then differentiating it with respect to z, and letting z approach
zero, i.e.,

Hes ‘I‘,k] = %r % {[‘ené +N(I‘,k)] X, S(x)]
22077 pumy—nlan] - 24 2 A e ng 5o 0]
- % {[w5+NEb0] -I[x,S(xn'—za—a);S: X
92 rx
T S(E)IdE+ o S Xt X-I[£,S(£)]d£} (242)
where

S(§)

nes@=|

e(£,1)dy

When I' is set to zero, Eq. (24) reduces to Landahl’s
solution'® as a special case. Eq. (24) has been derived
separately by Kimble et al.,'” and by Ruo? using the integral
transform technique. When a proper expansion is performed

0.6 T T T T

-CM'

—— - —— SLENDER BODY THEORY
L N N LANDAHL (REF 15)

LIU (REF 16)

e A PRESENT THEORY

1 1 ) 1
0 0,1 0.2

k

Fig. 5 Effect of reduced frequency on the damping moments for a
cone and for a parabolic ogive at M=1.0.
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6. F
FIRST ORDE
. A R
2.
dc SECOND ORDER
N
e, e T - =~
== e e
-2, }
---M=0
BET R M=1.0
€ = 0,05
-6, |
) . . .
a) 0 02: 0.4 0.6 0.8 1.0
X
4. b
FERST ORDER
3. b
2. b
1.k SECOND ORDER
dcy,. —
5 AT T
dx 0 - <
-1. b
-2, +
~-=-M=0
s Lo M=1.0
€ = 0,05
- . N
b) ' 0.2 0.4 .0

Fig. 6 Normal forces for a parabolic spindle at M=0 and M =1.0.
a) In phase; b) Out-of-phase.

according to the very low frequency approximation, N
becomes N(I',k) = (I'/2)+ C—1+2iu. The very Ilow
frequency slender-wing solution can be obtained by dropping
the higher-order terms in k in the expanded form of Eq. (24a).
Ruo? has employed the solution for the stability analysis of a
delta wing. Some results will be compared in the next section
with the slender-body results (Fig. 4b).

Furthermore, we note that these solutions are strictly near-
field solutions, in the sense that the lifting effect is much
smaller than the thickness effect (i.e., 6, <e). Hence, it
justifies our omission of the nonlinear contribution in the
outer flow resulting from different degrees of lift control.?!

Stability Derivatives

Adams-Sears’ iterative procedure?® is introduced first to
determine the dipole distribution F(¢) along r=R(x). The
specific details of this procedure can be found in our earlier
reports. 5813 Here we merely describe the essential steps.

According to the different order of thickness, the down-
wash W(x), the dipole function F(x), and dipole potential
x(x,r), defined as x = &,, are split in the following manner:

M=M+@ = 4@ (25)

where IT symbolically represents W(x), or F(x), or x(x,r),
the first-order term 1 represents the Munk-Jones ap-
proximation (the so-calied slender-body theory), and the
second-order term II¢? is the thickness correction term
related to the first-order term by the tangency condition

x,=—W(x)+R’(x)x, at r=R(x) (26a)
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T | T ¥
—— : =—— SLENDER BODY THEORY
------ REVELL (REF 27)
1.1+ LIU et al (REF 13) 1

o o BRESENT THEORY

0.2 0,4 0.6 0.8 1.0

Fig. 7 Effect of Mach number and thickness ratio on the stiffness
moment for a parabolic spindle.

and W (x) now descrfbes the rigid body motion

Q' (x)
2w

W=t +6%) +{ a’} (26b)

where X=x—a, and a is the pitching-axis location, Q(x} is the
body cross-section area, and 6=iké. After much
manipulation, one obtains the dipole potential

x D+ =g (D+Q) LD+ 27

where the in-phase potential and the out-of-phase potential
read, respectively,

0(x) Q' 2(x)
(D+(2) = =2 _
y+ A Zp -
[V 2 E—'j +Y J O(e’h 27
—r Rin 4 R + (E N E) ( a)
N+ = 20 [)2+Z,']—Q,2(x)x-
r 27%r
-r [w"p,z +Y] +0(e’tn€) - (27b)
! 4 !
and
= —1—1— ’ = £ “0’ Q' (x)
Ve= 41rQ (x), V;= . [xQ’ (x) +Q(x)]+ P (270
T X
Ye=-lC-Do - 0" (®rexan @7d)
™ 0
T -
Yi= - ((C=DIFQ' () +0w]- | 10" (&)
s 4

1 X
+2Q° (&)} XdE} + P {co’ (X)—So Q" (£}t X d&}
(27¢)

rre- I'r?
ZR=VR[2+?”—4_J+YR» Z/=Vl|:2+f’n7J+Y, (27f)

The linearized Bernoulli’s equation gives the expressions
for the in-phase and out-of-phase pressure coefficients in
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association with §and 8, up to O (e’ tn €), respectively:

Cpj= =20+ —R"2 (x) -y, 1 (282)

Cpy= =200 +9) DD 120D LR (x)J8L
~R"2 ()M =9 —2R(x)] " (28b)

where ¢! is the steady flow velocity, based on the slender-
body approximation, !

1 Tr x
s on = {0 (- +0) - | 0" x ]
4r 4 0
(28¢)
or based on its local linearization solution? for the case of a
cone. Thus, the stability derivatives, up to O(e*f €), can be

evaluated from the following formulas, i.e.,
Stiffness derivatives

Cny=—1,[C,,] and Cy,=1LI[C,] (29a)
Damping derivatives
Cny=—1,1C,,] and Cy;=1[C),] (29b)
where I, and I, are the integral operator defined as
r !
L[ 1= ——-s R[ 1dx
! o) Jo (]
and
I [ 2
- — xR 4
1= 5ipy ), GRHRROL K (2%0)

Much detail concerning the derivation and the evaluation of
Egs. (27-29) can be found in the report by Ruo and Liu.®

Determination of I’

For numerical computations, the value of the acceleration
constant I' must be determined. Throughout the calculation
several different I' values based on the local linearization
method? (curves A and D, Fig. 2), Hosokawa’s method!’
(curve B), and the method of Maeder and Thommen?
(curve C) were adopted. Hosokawa’s method appears to be
particularly appropriate, as I' can be ‘“‘uniquely’’ determined
by the following conditions, i.e.,

M? r

Wand b (x*T) = T DM (30)

o, (x* ) =

Thus, x*, the sonic point, and I' can be obtained in solving
these algebraic equations together with the steady solution
given in Eq. (28c). Again, for further deails one should refer
to Ref. 6.

For the calculation of an ‘‘equivalent’’ wing, Zierep?® has
shown that the equivalence rule, in the sense of the parabolic
method, assures that the same I' value can be used for wings
and bodies having the same cross-sectional area at the
respective axial locations. Its application to unsteady flow
calculations was pointed out earlier by the first author (D.D.
Liu) and subsequently was adopted to the wing calculations
by Kimble et al. 1° and Ruo? (see Fig. 4b).

Results and Discussions

To illustrate the effects of Mach number, thickness ratio,
body geometry, and pitch axis location on the static and
dynamic stability derivatives, numerical examples were
calculated for three different configurations, namely, 1) right
circular cone: R (x) =ex; 2) parabolic ogive: R(x) =¢(2—x);
and 3) parabolic spindle: R(x)=4ex(1—x) for O0=sx=<l.
Most of the results shown here, unless otherwise stated, are
based on Eq. (19) or Eq. (23), evaluated at or near the Mach
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Fig. 8 Effect of Mach number and thickness ratio on the damping
moment for a parabolic spindle ata=10.

number equal to unity. Figure 2 shows the effect of thickness
on the normal force coefficient slope based on different T
values. In Fig. 3, the pitching moment coefficient slope of a
12.5-deg cone is compared with Wehrend’s? test result
showing considerable improvements over the slender body
theory predictions. In Fig. 4a we compare the damping-in-
pitch moment vs pitch-axis location for a 12.5 deg cone with
experimental data provided by Wehrend?* and
Yanagizawa.?* Ericsson and Redding’s ¢orrection® further -
brings Wehrend’s data closer to the present result. In Fig. 4b
the damping-in-pitch for a cone and for a delta wing, based
on various theories are presented. The comparison is made
between slender wings and bodies for configurations of the
same virtual mass; hence, this amounts to the local span
variation of the wing S(x) being equal to the local radius
R(x) of the body under consideration. In this case the aspect
ratio of the delta wing thus is related to the cone thickness as
AR=4e. It is seen in Fig. 4b that the cone gains more negative
damping than the delta wing does at sonic speed. Figure 5
exhibits the damping-in-pitch for a cone and a parabolic ogive
in the low-frequency range. It is interesting to note that the
recent result calculated by Stahara and Spreiter* appears to be
almost indistinguishable from our very low-frequency results.
Their result also approaches Liu’s result!® in the moderately
low-frequency range as k increases.

In Figs. 6-8 some results for a parabolic spindle are
presented. Ordinarily, in steady sonic flow such a con-
figuration will produce a standing shock wave on the body.
Although we are aware of this fact, the present formulation
does not include the unsteady shock calculation. To provide a
preliminary result, we feel that is is practical at this time to
make use of the ‘“‘smooth’’ sonic solution?? for estimates of
the global values such as damping forces and moments. Thus,
Fig. 6 indicates the different order effect for the in- and out-
of-phase local force variation for a spindle at M=0 and
M=1. Similar to the nonlifting pressure distribution, the in-
phase dCy, /dx is .symmetrical (WRT x=12) for all the~
subsonic cases but asymmetrical for the transonic cases.
Figures 7 and 8 show the stiffness derivative and the damping
derivative at M=1 in conjunction with our previous subsonic
results.>!3 In passing, it should be mentioned that in the
subsonic regime, Revell’s result?’ was based on
inhomogeneous equations which consistently account for the
thickness effects due to the steady mean flow, whereas our
previous subsonic result'’ was based on the unsteady
linearized equation, a linear homogeneous equation, in which

~ the mean flow influence is absent. For further discussions on
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the subsonic results, we refer to Ref. 13. At any rate, ob-
servation of the results in Figs. 7 and 8 indicates that there is
definitely a need for further work in the general transonic
Mach-number range (i.e., '®#0 and M 1). Moreover, we
remark that inspection of the available results for siender
wings and bodies*>!%1% show that the stability derivatives
exhibit substantial dependence on pitch-axis location, Mach
number, and thickness ratio, whereas the derivatives appear
to be rather insensitive in the domain of reduced frequency.
Finally, we note that the examples presented in the
preceding figures mainly consist of two typical con-
figurations, namely the half-body (e.g., a circular cone) and
the full body of revolution (e.g., a parabolic spindie). Our
analysis has ignored all viscous effects such as near wake
influences attributed to the former configuration and the
boundary-layer effects in terms of displacement thickness or
the effects of flow separation due to the latter configuration.
The inviscid model employed in the present analysis,
therefore, remains to be improved for further inclusion of
these flow effects. Nonetheless, such considerations are
certainly beyond the scope of the present investigation.

Concluding Remarks

Our analysis has been based on the linearized parabolic
equation. Admittedly, this is a crude model which may
contain unsatisfactory detail about the local pressure
distribution. It is nevertheless a global method, in the sense
that the global thickness effect and the low-frequency limits
of the stability derivatives can be accounted for expediently.
By contrast, Landahl’s earlier result produces a logarithmic
singularity as k& approaches zero.

Our calculated results appear to be in fairly good agreement
with the available experimental data. Also, in their recent
study, Stahara and Spreiter* indicate favorable agreement in
most cases between their results and ours. Particularly, in the
very low-frequency limit, both methods yield almost in-
distinguishable results. However, for ease of application our
method is to be preferred. This is because Stahara and
Spreiter have used the mixed-type solutions, which require
three different types of kernel functions, hence leading to
laborious effort in the application of Adams-Sears iteration.
Our work only deals with one type of equation, which greatly
simplifies the whole procedure. It is believed that, although
the present work is based on a global approach, some
refinement in the local distribution could be achieved along
the line of Hosokawa’s nonlinear correction theory.
Specifically, we are interested in the influence of the tran-
sonic-shock upon the stability derivatives. Some attempts
have been made in our earlier work.’ Our recent study
suggests that a more rigorous formulation can be launched,
with the shock included, provided that the steady slender-
body solution and the associated steady shock structure are
known in advance. '
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